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We characterize measures on hyperbolic logics associated to von Neumann
algebras acting in a space with an indefinite metric. An analog to the Gleason
theorem is proved.

1. INTRODUCTION

The problem of describing measures on logics is well known (see ref.
2 or ref. 3 Chapter XII) . A celebrated theorem of Gleason'® serves as a basis
for the quantum measure theory. The theorem asserts that every probability
measure W on the orthogonal projections II on a Hilbert space ¥ with dim
€ = 3 is of the form w(p) = tr(Tp), where T = 0 is a uniquely determined
trace-class operator. The problem of describing all probability measures on
projections arose in noncommutative probability theory. For von Neumann
algebras of type II, an analog to the Gleason theorem was proved in ref. 9.
Three years later this result was reproduced by Yeadon'® with a similar
proof. The case of type III was examined in ref. 3 and ref. 10 independently.
An analog to the Gleason theorem for charges (= real measures) was obtained
in 11. There has been significant progress for the logic L of all (skew)
projections in a von Neumann algebra. In refs. 15 and 12 we proved that for
signed measure (= charge) v on the Logic L of all (not necessarily orthogonal)
projections in a semifinite von Neumann algebra containing no central sum-
mand of type I», the following generalization to the Gleason formula holds:
V(p) = Nir(Tp), Vp € L, where T is a trace-class operator.
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Theorem. Let P be the logic of all J-self-adjoint projections in a W*J-
algebra s acting in a space with an indefinite metric containing no central
summand of type I, (n, m =< 2). Then for every indefinite measure v: P —
R there is a J-self-adjoint trace-class operator T such that:

(1) If o is a W* P-algebra, then

v(p) = or(Tp) + vo(p), VpeP

for some semiconstant Vo
(i1) If o is a W*K-algebra, then

v(p) = tr(Tp), VpeP (1)

In the present paper, we characterize measures on hyperbolic logics
associated to algebras of operators acting in a space with an indefinite metric.
Note that the problem of the construction of a quantum field theory leads to
indefinite metric spaces.”) As is well known, for the logic I (as well as for
the logics L), no general approach to describing measures has been found
that is suitable for all continuous algebras. Two different methods have been
suggested for algebras of types II and III. For the logics P, we suggest a
common approach.

We present the necessary definitions and notation. Let H be a Hilbert
space with an inner product (., .). Let J be a linear or conjugate linear
invertible bounded operator on H. Put [x, y] = (Jx, y), Vx,y € H. Let A be
an algebra of bounded operators in A with the unit / closed in the weak
operator topology and closed with respect to the J-conjugation, i.e., if a €
o, then a® € s, where a° is a bounded operator such that [ax, y] = [x, a"y],
Vx, y € H. Such an algebra is called a J-algebra. Denote by P [= P(A)]
the set of all J-self-adjoint projections in o4, ie., P = {p € si: p* = p,
[px, z] = [x, pz], Vx, z € H}. With respect to the ordering p < ¢ < pg =
qp = p, to the orthocomplementation p —> pl = ] — p, and to the orthogonal
relation p L ¢ < pg = gp = 0, the set P is a quantum logic.

In general, P is not a lattice or a o-logic.

There have been many studies of J-self-adjoint operators if J is a self-
adjoint (in the Hilbert space H) operator, J # I, J* = I Below, we will
consider this case. There exist orthogonal projections Q* and Q~ such that
Q"+Q0 =1LJ=Q —Q .PutH = Q Hand H = Q H. According
to the terminology of ref. 1 [. . .] is an indefinite metric in H, J is a canonical
symmetry, H = H" [+] H™ is a canonical decomposition, and H is a Krein
space ( sometimes H is called a J-space).

Let p € B(H). It is easy to see that [px, y] = [x, py], VX, y € H &
p=Jp*J (= p").

Let S be the unit sphere in the Hilbert space H. The set [' = {r € H:
[r, r]* = 1} is an indefinite analog of the unit sphere. It is easy to see that
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every one-dimensional projection p € P can be represented in the form p, =
[/ fII f1f. f € T. Suppose that H = R* and s = B(H). Then I is the union
of two hyperboloids, {(x, y, z): X+ y2 — 22 =1} and {(%, ¥, 2): =X -

y* = 1}. Therefore, in this case the logic P could be called hyperbolic.

Let 54, be the set of all J-algebras in H. A J-algebra s is said to be a
von Neumann J-algebra if o is, in addition, a von Neumann algebra. Denote
by s the set of all von Neumann J-algebras. A von Neumann J-algebra &{
is called a W*J-algebra if J € s and the cenral covers of Q" and Q~ equal
L Let o3 be the set of all W*J-algebras in H. Obviously {3 C o, C 1.
We say that a W*J-algebra s has the type I (II, III) if the W*-algebra s has
the type I (IL. III). We say that a W*J-algebra 5{ is a W* P-algebra if at least
one of the projections Q" and Q~ is finite (with respect to ). A W*J-algebra
o is said to be a W*K-algebra if the W*-algebras Q"4 Q" and Q" AQ~
contain no nonzero finite direct summand. For every W*J-algebra o{ there
exist three central projections E:, E—, and E such that E+ + E- + E= I,
Q'E. is a finite projection with respect to the W*-algebra AE., Q E_ is
finite with respect to A E—, and S E is a W* K-algebra. Note that every W* P-
algebra inherits properties of B(H) in a Pontryagin space and every W*K-
algebra inherits properties of B(H) in a Krein space with min{dim H", dim
H ™} = . We say that a W*J-algebra o is of type I if 0*AQ" and Q" A Q™
(in Q" Hand in Q~ H) is of type n and m, respectively.

Elementary properties. Let B be a von Neumann algebra acting in a
Hilbert space 9€. Let & and %” be the set of all projections and the set of
all ort}(ll%gonal projections in %B. There exist P which are isomorphic to L
or R’

A specific character of J-spaces becomes fully transparent when consid-
ering the logic P for a W*J-algebra s{. We shall consider this case. Denote
by I the set of all orthogonal projections in . Now, let P* (P~) be the set
of all projections p € P for which pH is positive, i.e., Vx € pH, x # 0,
[x,x] > 0 (negative, i.e., Vx € pH, x # 0, [x, x] < 0). Note that p € P"
(peE Popre P(pr e P)eJp=0Up=<0).Everye € Pis
representable (not uniquely) as ¢ = e+ + e—, where ex € P',e- € P.

Asum e =X ¢;fore; € P,e; L e (i #j) issaid to be a decomposition
of e (the sum shuld be understood in the strong sense). A mapping 1 : P —
R is called a measure if p(e) = Zp(e;) for every decomposition e = Xe;.

Here, the convergence of an uncountable family of summands means
that there exists only a countable set of nonzero terms in the family and the
usual series with these summands converges absolutely.

A measure is said to be indefinite if W/P* = 0 and W/P~ < 0; linear if
(1) holds; and a semiconstant (=semitrace) if p(p) = ct(Ep+), Vp € P, or
L(p) = ct(Ep-), Vp € P. where 1 is a faithful normal semifinite trace on
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s and E is an operator affiliated to the center of s{. We call a measure p
Hermitian if p(p) = n(p*), Vp € P, and skew-Hermitian if p(p) = —p(p*),
Vp € P. Every measure | can be represented as the sum of the Hermitian
component [, (p) = 1/2[u(p) + p(p*)] and the skew-Hermitian one L (p) =
12[u(p) — pn(p*)]. Clearly, if p is an indefinite measure, then its Hermitian
component W, is an indefinite measure also.

Remark 1. An indefinite measure is an analog for a probability measure
on the logic P. In ref. 13 we proved that for any indefinite measure L in a
Krein space H, dim H = 3 and for the W*J-algebra B(H) the main theorem
is true.

We need the following concept of a variation of a measure W; |[u||(p) =
sup{Z‘u(pi)‘} taken over all possible decompositions p = X p;. Also, put

MY = supl[u(p):p € P*LIpl < 20 = 100> 1) (1)

2. THE STRUCTURE OF THE PROJECTIONS IN P

__ For any operator x € o denote by Fy the orthogonal projection onto
xH. Let e, f € I We write e ~ fif there exists a partial isometry v € o
with the initial projection e and the final projection F, = f. We write e < f’
if F, < f. Without loss of generality it can be assumed that Q" < Q™ (ref. 5,
Theorem 1, p. 218). Denote by V the set of all partial isometries v € s with
the initial projection not exceeding Q" and with the final projection F, < Q.

Proposition 2. For every p € P* we have
p=x+vx*— 0" == 0" — p(x — Fv* 2)

where x = Q"pQ" (= F,) and v is a partial isometry in the polar decomposition
0 p0O" = v|Q0 pQ"|. Conversely, let x € o be an arbitrary operator such
that x = F,and F, < Q", and let v € V be an arbitrary partial isometry with
the initial projection F,. Then (2) defines a projection in P".

Proof. See ref. 14.
By the symmetry, every ¢ € P~ has the following representation:
g=z+wiZ —2" =& — 2w —wiz — F)yw* 3)

where z= Q ¢Q (= F-) and w is the partial isometry in the polar decomposi-
tion 0°'gQ~ = W‘QJ’qQ_‘ for 07q0".

For any projection p € P we denote by e, the orthogonal projection
onto Q'pH. We say that a projection p € P is simple if e,F,e, = Oe, and
Fpe,Fp, = 0F,, 0. € (0.1). Note that every simple projection is either positive
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or negative. The following corollary is a straightforward consequence from
Proposition 2.

Corollary 3. Suppose that p € P" is represented by (2). Then we obtain:

@ llpl = 12x = 4 = 2|l — 1

() F, =xQ2x = D"+ v —0"x = D'+ 2x — D7'(F -
0)P2vE 4+ y(x — F)Qx — 1)~y

(ii1) The projection p is simple if and only if x = aF,, a0 > 1.

We mention one more property:

(iv) If an orthogonal projection e € II is such that eQ'e = Be, B €
8/[32, 1)’1;}1?11 there is a simple projection p € P* such that e = F, and | p|| =

Remark 4. Every p € P U P_ can be approximated in the norm with
a sum of mutually orthogonal simple projections.

In the sequel, the projection p of the form (2) will be denoted by p(x, v)
and the projection ¢ of the form (3) by g(w(z — F)w*, w*).

Lemma 5. Let p € P"and e, < O~ A (F, v e,)". Then there exists a
simple projection g € P* such that:

1. e = eg, "eg’ - g” = ”ep - P”

2. In the Hilbert space H with the norm ||-||; generated by a new canonical
symmetry J; = Qf — Q7 € i such that p < QF, the projection g is simple
and Of gH = pH, llg — plh =< lley — pll.

Proof. One can suppose that "H N pH = 0. Let p = p(x, v) and o0 =
12(][pll + 1) (=|l+). By Corollary 3 and Proposition 2, ¢, < x < oe,. Put

yo= (00— 1)7'(x = ¢) {0’ + [ae, — (x — €))7

Thus 0 < yo =< e,. By the assumption, there exists a partial isometry w &€
A with the initial projection vv* and the finalone F,, =< Q™ A (F, v ep)l. Let

z = vy(l)/2 v + w(F, — vyénv”‘)”2 [= vy(l)/2v* + wy(e, — yo)mv*]
It can be easily shown that z is a partial isometry with the initial projection
vw* = F\. By the construction, g = p(Oe,, zv) is a simple projection, e, =

ep, and |le, — g|l = lle, — pll. The operator ¥4 is a solution of the equation

alx = e)" = 2a(a = DI Y = (@ = Dix = ¢y
Making use of this, we can verify that
pgp = px, v)p(Qey, zv)p(x, v) = op(x, v)

LetJi = Qf — Qi € s be a new canonical symmetry, where p < Qf, with
respect to a new canonical decomposition H = H{ [+] Hi (see Definitions,
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§3, Chapter I, ref. 1). The new Hilbert product (x, y)1 = [Ji x, y] is equivalent
to the product (., .) in H (see Theorem 7.19, §7, Chapter I, ref. 1). Hence
the projection p(Qe,, zv) is simple in the Hilbert space H with (., .);. By the

construction, |[p — glli = lle, — pll.
Let e € II be a projection such that 1/2 is a regular point for eQ"e. (In
this case, eH is a Krein space" with respect to the metric [, .], and there

exists a projection p € P such that e = F,.) Let eQ'¢ = [ A dey. be the
spectral decomposition of eQ%e. Put p, = (J/=o 2A — 1) d (eex))J, V1> 0
[here (1/0) - 0 = 0]. By the definition, Jp# J = p;, Vt. We have

(es — eJ(exr — ep) = (e; — e)(2Q" — I)(en — ep)
=e(20" — I)(es — e)(er — ep) = eJ(es — e)(en — ep)

Vs, t, A, P € (0, + ). This means that p; = p,, V. In addition, p,, —
Py € PV, b€ (112, 1], 4 < to,and p,, —p, € P, 11, b € [0, 1/2],
t1 < tb. Thus

1+
pr € P, Vi, and e = (J 2t—1) dp,)’
0_

3. SOME PROPERTIES OF A LINEAR SKEW-HERMITIAN
MEASURE

Let o, be the set of all norm-continuous linear functionals on <. Let
¢ € oy be such that ¢(.): P —> R is an indefinite measure and (¢.J)(b) =
O(bJ), Vb € . By (4), (d.J)(e) = d((foE (2t — D)dp)JJ) = 0, for every
orthogonal projection e € II for which 1/2 is a regular point of eP*e. Hence
(¢.J) (+) isanonnegative linear functional. Let ¥ € .. Then the functionals
Vo(x) = Y(x") and U*(x) = Y(x*), Vx € o, belong to sd,. A functional s
is said to be J-self-adjoint (J-skew-adjoint) if = y° (y = —\°).

Let p: P = R be a linear measure and let f € o, be such that pu(p)
= fip), Vp € P. Then the functional \y = 1/2(f + f°) is J-self-adjoint and
w(p) = V(p), Vp € P. It is clear that x** = x"*, Vx € o. Hence (1) f*° =
% Ve Ay, (2)if f=f° then f* = f*° and (3) if f = f*, then f° = %%
Thus (i) if p is a Hermitian measure, then there is a self-adjoint and J-self-
adjoint functional fi, [= 1/4(f + f* + f° + f°%)] such that pu(p) = fi(p),
Vp € P, (ii) if p is a skew-Hermitian measure, then there is a skew-adjoint
and J-adjoint functional f; [= 1/4(f — f* + f° — f°*)] such that p(p) =
f(p), Yp € P For every self-adjoint functional /' € o, there exist two
positive normal functionals fi, f—- € o with mutually orthogonal covers e+
and e- such that f = fi — f= (ref. 5, Theorem 6, p. 64).
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Proposition 6. Let f € sl and f = f* = f°. Then e+ J = Jes, e-J =
Je—, and, furthermore, f = f(Q".Q") + AQ".Q").

Proof. 1t is clear that
0 =< fi(es) = fles) = fex) = fiJe])
= fi(es(JerS)er) — f(e-(JesS)e—) = fi(e+)

Thus fi(e+(JerS )es) = files). Hence e+(I — JesJ )er = 0, i.e., e+ < JeiJ. Then
JeiJ =< J(JerJ)J = ey. Finally, ey = JeiJ. Similarly, e- = Je-J. In addition.
RO~ a*Q") = f4(Q"aQ™) = Q" aQ™) = f%(Q" aQ")

=MJQ a* Q') = — Q" a*Q")
Va € d. Hence Q" aQ”) = 0 and, similarly AQ~ aQ") = 0, Va € .

This means f = AQ". 0) + AQ™. Q7).
For any f € A, and u € A denote by (u. f) [(f- u)] the functional flu.)
[ fl.u), respectively].

Proposition 7. Let f € s, and f = f° = —f* Let (0" .£.Q") = (‘Q_.
f Q+‘.u) be the polar decomposition of the functional (Q.£.Q".) (Theorem 4,
p. 61 ref. 5). Then the following formula is true:

=070 + £0%.0") = (0" £0"w) — wx|o™s0%)

Proof. For every orthogonal projection ¢ € o with e < Q" ore < 0~
the following is true:

fle) = f(Jed) = f(e") = fe) = —f*(e) = —f(e)

Hence
f0) =£(07.0% + £(Q".07) = (Q7£0Y() + (Q"£07)()
Thus
f(a) = fa) = fJa*J)
= f(Q™(Ja*))Q") + f(Q"(Ja*])Q7) = —f(Q"a*Q") — f(Q'a*Q"7)
Ya € . But
(0" £07)a) = f(Q"aQ7) = —f*(Q*aQ")
= — f(07a*Q") = —(0™£.0)*a)

ie. —(Q7£0M* = (0°£07). Let (0°£0%) = (|07.£.0".u) be the polar
decomposition of the functional (Q.£.Q"). Then
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F=(07£0% + (00 = (0 £0) — (0 £0)*
= (o s0'lw - w* o 10

Let ¢ € o, be a nonnegative normal linear functional with the support
e < Q". Letu € V be a partial isometry with the initial projection e and,
the final one F, = Q. We define a linear functional by the formula

Wa = (u*.9) — (pw)(a) = (u*a —au),  Va € d (%)
It is clear that W(p) € R, Vp € P. Hence p is a linear measure. Also, i =

u’ = —p*. Hence by Proposition 7, (5) gives the general form of a linear
skew-Hermitian measure. It is clear that

wp) = o — 0" v*u + usv(x* — 0",  Vp =px,v)

We define the functional ¢,(-) = 1/2¢(u*v. + .v*u), where v € ¥, and the
skew-Hermitian measure p.(p = ¢.(v*p — pv), Vp € P. It is easy to see that

12¢w*p — u*vpv + v¥pv*u — pu)
12u(p) + 120(v*pv*u — u*vpv)

w(p)

vp € P ObViOuSly: TL(P) :_I”Ll(p)a vp = p(-xa V).

Now, we adduce some properties of a linear skew-Hermitian measure
that are crucial in the proof of the theorem.

Proposition 8. Let a skew-Hermitian measure Ebe defined by (5). Then
the following properties hold:

() MY = supll|l(p):  Ipll < 200 — 1} = 2(0® — )"?$(Q") =
H(p(@Q", u). N

(ii) u(p(x, iw)) = 0, Vx; if F, L F,, then pu(p(x, v))_= 0.

(iii) If, for a given € > 0, v € V is chosen so that M4 — u(p(aQ*, v))
< €, then

) — mpl = 2pldoleo ™0 — )™, pe P

Proof. Properties (i) and (ii) follow directly from the definitions of [
and p(x, v). Let v € V be an partial isometry satisfying (iii). Then

€ > ME— I, (p(aQh, v) = (& — )" (20" — v:u — u*v) = 0

Also, Q p*Q" = Q JpJQ' = —Q pQ", Vp € P. Hence
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Orp — vipy*u) = dW*Q pQ" — v*Q pQ v*u)
= 0(*Q T p* Qv u — u*Q p*0")
= O vQpQ v — Q'pQ u)
= ¢(u*vpy — pu)

Finally,
W) — ()|
= I/Z‘E(p) — O(v¥pviu — u*vpv)‘
= 1/2‘¢(u*p — pu) — d(v¥pviu — u*vpv)‘
1/2‘¢(u*p — v¥pv¥*u) + d(utvpy —pu)‘
[d@rp — vipviu)
= ‘d)(u*p — u¥pv¥u + u¥pv¥u — v*pv*u)‘
< |o@p(0" = vup| + |o(wr = v)pvru)
(by the Schwarz inequality)
= O@wrpp*u)*H((Q" — wv)(Q" — v¥u))'”
+ drvp*py*u) Po((u* — v (u — v)'"?
< @ Ipl(d(Q" — w*v — viu + 0H'?
+ Q" — vvu — u*v + 0H'")
= 2pld(OH"(d20" — u*y — viu))'” [by (1)]
= 2llpld(QH"A(ME — p(p(aQ”, ) (o — o)~ ")
< 2lplldidlhe) *(o* — oy~

The proof is complete.

IA

4. REDUCING THE DESCRIPTION PROBLEM TO A SKEW-
HERMITIAN MEASURE

Proposition 9. Let V(p) = t(Ep+), p € P, be a semiconstant measure.
Then Vv(e,) = T1(EF,) = V(p), Vp € P".

Proof. Let p € P'. By the definition of a semiconstant measure, the
operator E is affiliated to the center of s{. By the definition of e,, there exists
a partial isometry v € o with the initial projection F, and the final one
ep. Hence
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V(ep) = ©(Eep) = T(Evw*) = 1(Ev*y)
= UEF)) = WEF, + F,pFy) = w(Ep) = V(p)

Recall that without loss of generality we may suppose Q" < Q.

Lemma 10. Let an indefinite measure v: P — R be representable as a
sum of two measure: v = v; + Vo, where Vo is a semiconstant measure and
the restriction of vi to every W*J-factor B C oA of type L is linear. Then

[Viep) = v(p)| = 6 llep = 1 = 2)llep — pI) ' (V(Q") = V(") + SlIvoll(D))
Vp € P, e, — pll < 1/2.
Proof. (1) Let u(.) = tr(B.), where BJ = 0 be an indefinite measure. Then

l(e) — n(p)| = |oBIIe — p)| < lle — plir(BJ)
=lle = pll(er(BQ") — tr(BQ ) = lle — pl(W(Q) — w(Q7)).  Ve.p e P

Let p€ P'and |le, — p|| < 1/2.

1. We first assume that e, < Q™ A (F, v e,). Let ¢ € P' be as in Lemma
5. Denote by r, the orthogonal projection onto Q eH, Ve € P, and by d(ep,
g) and A(p, g) the smallest J-self-adjoint algebras generated by ¢,, g and p,
g, respectively. By the construction, sd(e,, g) and A (p, g) are W*J-factors
of type I,.

(a) Let vo = 0. By the linearity of v on sd(e,, g) and (i), we have

‘v(rp Vr) — Ve, +r, Vg — g)‘
= ‘v(rp Vg =) + V(g —V(rp Vg —rg) — Ve, + 1 —g)‘
= llrg = (ep + 1e = @(V(ep) —V(re))
= lle, — plitvie,) = Vlre)) = llep = pl(V(ep) —V(rg V 1))
By (i).
[vien) = V@) < lley = plitvies) = V) < lley = pl(vies) = V(e v 1))
It is clear that e, + r¢ v 1, — g € P . Thus
0=v(g) —Vle, +r,vrig—g)
= Vv(g) — V(ep) + V(ep) — V(rp Vv o)
+V(rp Vi) — Ve, +rpvire — g)
= (1 + 2lle, = pl(v(ep) = V(rp v 1o)) (6)

Analogously, from the linearity of v on A(p, g) we obtain



Gleason’s Theorem in W*J-Algebras 2075

+rpvrg—g — Ve + v _P)‘}

max/{
= lle, = pD(V(p) = V(ep + 1y v g = p))
Thus
(I = 2lle, = pIDIV(p) — Vlep + 1p v rg = p)]
= [V(p) = V(ep + 1p v rg = p)|= [V(p) = V(p)]
—[V(ep, + rpvrg —g) — Ve, + 1y, Vi, — p) (7
=V — Vet vig = g)
Hence by (6) and (7), we have
V(p) = V(ep +1p v rg = p)
=< (1 + 2lle, = ph(1 = 2lle, = pl) ™' (V(ep) = V(r, v 1))
Thus
[vien) = vip)| = Mep) = Vo] + ) —vp)]
= lle, — plitviey) = V(rp v 1)) + lley = pll(V(p) — V(e, + 1p v re —p))
= 2lle, — pli(1 = 2lle, — pl) ™' (V(ep) = Vlry v 1)

(b) Now, let vo # 0. Without loss of generality we may suppose that
Vo(e) = T(Ees), Ve € P. Here, E is an operator affiliated to the center of <.
Denote Eﬁ (E)'. The restriction of Vo(.) = ’E(‘E‘J ) to the projections of
any W*J-factor is a linear indefinite measure. Clearly

0 < Vo(ep) = —Vo(re) = —Vo(rp) =< Vo(Q") = |Ioll(1)

By Corollary 3(ii), eJ = F., Ve € P*. So, vo(e) = t(EF.) = u(|EleJ)
Vo(e). Hence 0 < v(e) < vi(e) + vo(e) Ve € P", and 0 = v(e) = vi(e) =
vi(e) + Vo(e), Ve € P~. Thus vi + Vo is a linear 1ndef1n1te measure on any
W*J-factor of type L,. By (a).

Ven) = v(p)| =viten) = vitp)|
=< [vitey) + Voley) = vi(p) = Vo(p)| + [Vo(e,) = Vol p)
< 2lle, = pli1 = 2lle, = pI) " [vie,) + Voley)
— Vilrp v 1) = Vo(rp v 1)l + lley — pllivo(ep) — Vo(ry)]
< 2lle, = pll(1 = 2lley, = pI) V(@) = W(Q7) + SIVID)]

2. Now, consider the general case of p € P". There exists a decomposition
p = p1 + p> + ps with p; € P* such that e,; < QO A (Fpi V ep), Vi, and
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llesi — pill = lle — pll. For |lepi — pill the estimate was obtained in part 1 of
the proof.

Lemma 11. Let vi: P = R be an indefinite measure on a W*J-algebra
A.If oA is a W* K-algebra, then v is a linear measure on any W*J-factor B C
A of type I,. If o is a W* P-algebra containing no type L., (n, m < 2)
direct summands, then there exists a semiconstant measure Vo such that v —
Vo is a linear measure on any W* J-factor B C oA of type L.

Proof. Let B C o be a W*J-factor of type .. Let g« € P* N B and
g- € P~ N B be such that g = g+ + g is the identity in %B. Choose a
canonical symmetry J; € # with the properties g+ < 1/2(I + J;) and g- <
1/2(1 — Ji). In the Hilbert space H with the inner product (x, y)1 = [Jix, V],
g+ and g— are orthogonal projections and there exists a partial isometry w €
% with the initial projection g+ and the final one g-.

If o is a W*K-algebra, then there exists a W* K-factor M C s of type
L. such that B C M. By the Theorem,"? the restriction of vto P N M is a
linear measure. Hence the restriction of vto P N B (C P N M) is a linear
measure, too.

Now, let s{ be a W*P-algebra and t a faithful normal semifinite trace
on . Let e € P,e < Q. Denote by V, the set of all partial isometries v €
V' with the initial projection e.

(1) Assume that there exist orthogonal projections f, fi, f> such that e ~
f~hH~hHhf+ A+ H=0 . Letv, wi,and w, € V, be such that vw* = f
and w¥w; = f;, i = 1, 2. The W*J-algebra (v, wi, wz) generated by v, wi,
and w is a W*J-factor of type 11 3. (Every p € P* N A(v, wi, wa), p > 0 is
an atom in this factor.) By the Theorem,'® there exists a unique constant
c(e) such that the restriction of the function pu, where p(g) = v(g) if g+ =
0 and p(g) = v(g) — c(e) if g+ # 0, is a linear measure on HA(v, wi, wr).
We shall show that i is a linear measure on 4 (), Vu € V,. By the Theorem,!?
we have the following: If a measure is linear on some W*J-factor of type I»
in B(H), then it is linear. The measure p is linear on the W J-factor s{(w1)
of type L. Hence W is linear on the W*J-factor sd(vo, wi) of type I; for every
vo € Vo, vov§ = f. Thus p is linear on sd(vg). Let vi € ¥V, be such that
vivf = O~ — f. The measure p is linear on A(v) C A (v, wi, w2). Hence n
is linear on (v, vi). Therefore, p is linear on 4 (vq). Let v2» € V., and F\, A
f=0=F,A(Q —f) Bythe assumption, f + fi + /2 =< Q. Hence there
exists vi € ¥, such that F,;, L fand F,, L F, = 0. The measure Q is linear
on A (v1). Hence p is linear on s{(vy, v2). Thus p is linear on sd(v;). Next,
we similarly establish that p is linear on d(u), Vu € V..

(ii) In the general case, there is a decomposition e = X{ e;, e; < O,
such that for every e; condition (i) is fulfilled. Put ¢(e) = =1 c(e;). Obviously
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| with the constant c(e) is a linear measure on ${(v). Hence c¢(e) does not
depend on a decomposition of e.

(i11) In the same way, we can see that c(e) = cle) ife ~e, e < 0"

(iv) Let us establish that ¢(XZe;) = Zc(e;). Here, the convergence of a
sum of an uncountable family of summands means that there only exists a
countable set of nonzero terms in the family and the usual series with these
summands converges absolutely. Suppose the contrary. Assume that there
exists a sequence {e,} of mutually orthogonal projections such that c(e,) >
0. Vn [or c(en) < 0. Vn], and Zc(e,) = +%© [or Zc(en) = —. Let £, be a
J-self-adjoint linear functional on s{(ve,) such that v(p) = f.(g) + c(en),
Vg € P" N dA(ve,), and V(p) = fi(g), Vg € P~ N d(ve,). Put , = ve,v*.
The operators

GBIV, v ) = 1200, = B, T AU, v — viU)
are projections in P . Hence
V(q(312Vi, £v*i) = 1/2(3fu(Vn) £ \Ef:%(v*\lfn = Vav)) — fulen))
= 12(3v(0,) 2 \ERAOH) — (Vien) — clen))
Let X = {n: (V(e,) — c(en))Nfu(v¥\l,) =< 0}. The projections in
{qB12V, v¥*V)laex U {q(312W,, —v*V)bnemx

are mutually orthogonal by the construction. Hence there exists a projection

q = ,;X q(312y,, v¥{,) + ng\x g2, —v*U,) € P

This implies

M=1n2|53 V(g2 v+ )| + e%‘\x\v(q(z/zw, —v4y)| | < +oo

From this, it follows that
0 = 1/2 Z ‘V(ey) - C(ey)
nenN

=1(S 2 B0 — (vien) — cle)

F3 2 NBIOM) — (e — clen)

ne

)

< +®©

=M+323

S| =M+ 325 [v(va)

In addition. 0 =< ¥ v(e,) < +%. Hence +% = X ¢(e,) < +%. We have a
contradiction. Thus c¢(e) = X; ¢(e;) for any decomposition e = X e;.
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The function c(e) is a completely additive measure. There exists an
integrable in the trace T self-adjoint operator 7 affiliated to the W*-algebra
040" such that c(e) = 1(Te), Ve.”"” We proved that c(e) = c(f) if e ~ f.
Hence the operator T is affiliated to the center of Q"4 Q". By the Corollary
of ref. 5, p. 18), there is an operator Z affiliated to the center of & such that
T = Q"ZQ". Denote by Vv, the semiconstant measure ©(Zg+), g € P.

(v) It remains to prove that v — vy is linear on every W*J-factor B C
A of type L. Let fbe the identity in %RB. Fix some decomposition f = fi +
f-,fr € P',f- € P". Choose a canonical symmetry J; € s such that f; <

{ = 1/2 (I + J1). Then f; and f- are orthogonal projections with respect
to the metric (x, y)1 = [J1, x, ).

(a) Assume first that there exist e, r € P, e < Qf A Q", r < 1/2(1 —
J1) A Q" such that fle + r) = 0, e ~ fi, and e ~ r. Let v and w be partial
isometries with respect to (., .); with v¥v = ¢, vw* = r, and w*w = fi, ww*
= ¢. Then A(B, v, w) is a W*J-factor of type l4. By (iii), ¢(f+) = c(e).
Therefore, v — vy is a linear measure on s4(%, v, w). Hence v — v, is linear
on .

(b) Note that by the assumption on A [see (i)], (a) is fulfilled if f is
an Abelian projection. For %, there exists a finite set of W*J-factors %B; of
type I, such that for 9%B;, Vi, condition (a) is fulfilled; ab = 0, Va € B,,
Vbe B, i# j, B C DB The measure v — Vv, is linear on %B;, Vi. Hence
the measure v — v is linear on 9.

Corollary 12. Every indefinite measure on a W*J-algebra &{ without
type L. (n, m < 2) direct summands is continuous on P and P~ in the
norm operator topology.

Proof. The W*J-algebra s{ decomposes uniquely into two direct sum-
mands. s, 52, where Q" s41Q" has no type I» direct summand and Q" #4,Q"
is of type I,. (Note that Q>0 is a direct sum of type I,,, 3 = n < +o,
summands.) The restriction of v to P* N Q' ,Q" is a completely additive
measure. By the Theorem,”” v is continuous on P* N Q540" in the norm
topology. Also, v has a similar property on the projections in Q" 4,Q".

For every e € P the operator J; = e«(I — e)+ — (I — e)— is a canonical
symmetry. With respect to the inner product (x, z)1 = [Jix, z], H is a Hilbert
space, e is an orthogonal projection, and e € Qf 4 Q7 [here, 0T = 1/2(I —
J1)]. Let {p,} C P" and ||p, — elli = 0. Then |le,, — ¢l = 0 and ||p, —
eplli = 0. By Lemmas 10 and 11, lim,«» V(p) = V(e). Hence Vv is continuous
on P in the norm operator topology. Analogously, Vv is continuous on P~.

If v is an indefinite measure, then the function v*(p) = v(p*). Vp €
P, is an indefinite measure also.

Remark 13. The indefinite measures v and v* have the same semiconstant
measure Vo satisfying Lemma 11.
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For every measure v and its Hermitian component the semiconstant
measure Vo satisfying Lemma 11 is the same. A semiconstant measure cannot
be linear. Therefore, the following proposition singles out the linear Hermitian
component of a measure v. It completely describes indefinite Hermitian
measures.

Proposition 14. Let v be a Hermitian indefinite measure on a W*J-
algebra s without type I, (n, m < 2) direct summands. Define a measure
Vo by setting vo = 0 if o is a W*K-algebra and taking vy as in Lemma 11
if o is a W*P-algebra. Denote by v+ and v- the self-adjoint ultraweakly
linear functionals with the supports not exceeding Q" and Q~ such that v(p) =
vi(p) + Vo(p). ¥p =< 0" and V(p) = V-(p) + Vo(p), ¥p < O~ Then V(p) =
Vi(p) + v-(p) Vo(p). Vp € P.

Proof. Let p = p(ae, v) € P". sl(e, v) is a W*J-factor of type . Hence
V — Vg is a linear Hermitian measure on (e, v). By Section 3 there exists
a self-adjoint and J-self-adjoint linear functional f € (e, v) such that
v(p) — vo(p) = Ap), Vp € P N Ale, v). By Proposition 6,

v(p) = fip) + vo(p) = AQ"pO") + A pQ7) + Vo(p)
=vi(p) + v-(p) + v(p).

By Remark 4, Corollary 12, and Proposition 9, the equality (8) is true for
every p € P* U P~ and hence for every p € P.

Corollary 15. The skew-Hermitian component of every indefinite mea-
sure is linear on any W*J-subfactor of type I, and is continuous on P* U P~
in the norm topology.

5. SOME PROPERTIES OF A SKEW-HERMITIAN MEASURE

Lemma 16. Let p be the skew-Hermitian component of an indefinite
measure V. Assume that v is linear on any W#*J-subfactor o (u), u € V, of
type . Then

In(poe, w)| = 2a(e = 1)P(=viru)v(u)'”

Proof. We may identify sd(u) with the algebra of all (2, 2) matrices in
a J-space H, dim H = 2. Let v(.) = tr(T). By Section 3, we may assume
that 7J = 0. Let

in an orthonormal base (e.¢). e € H" U S. o € H N S. Since JT = 0. we
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get [b < —ac = —v(uru)v (uu*) [< —v(Q)V(Q7)]. There exists 0 € R
such that
_ o —e®(oa — 1))
p(aea M) - e—ie(a(a _ 1))1/2 o — 1

in the base (e. ¢). Hence

Iupoe, w)| = [r(12(T — T*)p(ate, w)|
= |29t (e — 1))
< 2lbliaa — 1) < 2a(o = 1) (—v(u* wyvuu*))'”
Lemma 17. Let 1 be a skew-Hermitian measure. For every projection
p € P~ there exists a projection f € P* such that u(p) = —p(f) = u(f*).
Proof Letp € P and g =p —p A Q . Then f= Fo*y + Fo~y —
g € P"and p(f) + p(p) = pu(f) + plg) = 0. Hence p(p) = pig) =
—p(f) = Bl
Lemma 18. Let p be the skew-Hermitian component of an indefinite

measure v, and p = p(ae, v). Then there is a constant ¢ such that ‘u(q)‘ <eg,
Yq = p.

Proof. By the linearity of p (see Corollary 15) on (v), there is a skew-
adjoint and J-adjoint linear functional p on s(v) such that n(pPBe, v)) =
1(p(Be, v)), Vp(Pe, v)) € A(v). Note that

u(p(ae, v) = (@ — ) p(v — v¥)
= (@ =) (B* = B)u(p(Be. v))

By Corollary 15, for a given ¢ > 0 there exists d > 0 such that ‘u(g)‘ =
(0" — u(g)| < tif |0* — gl < . There exists B > 0 such that Q" —
p(BQ", w)|| < & for every partial isometry u with the initial projection Q"
and the final one F, = Q™. Let g =< p = p(de, v). Then g = p(Qeg, vey).

(a) Let o be a W* P-algebra. Then there exists a partial isometry w with
the initial projection Q" — e, and the final one ww* < Q™ —vegv*. Since
nr) = —u(r*). Vr € P, and p*(ce, v) = p(ce, —v), if follows that

either [U(QR(P(A(Q" — e, w) =0 or  H(R(POUQ" — ep), —w)) =0
Let, for example, the first be true. Then
()| = [u(pg®, ve, + wy)
= (& — 0)"2(B*> = B)"u(p(BO", ve, + w))

< (oc2 _ OL)”Z(BZ _ B)_mt
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(b) Let o be a W*K-algebra. By Lemma 11, v is linear on any W*J-
factor B C oA of type . By Lemma 16,

lu(e)| = |u(p(oes. ve)| = 2(aa = 1) (—v(@ Q)

The proof is complete.
Put p = p(ae, v) € P*. By Corollary 3,

lpl =20 — 1,
F, = 2o — ) Yoe + (0 — )"(v + v¥) + (o0 — 1)wv¥)

and p = (200 — 1)F,J. For every orthogonal projection f € II, f < F,, the
operator g = (200 — 1)fJ is a projection in P and g < p. Also, F, = fand
p(Oeg, veg) = g.

Next, let p be the skew-Hermitian component of an indefinite measure.
Lety%(f) = 2o — )" w(Qa — 1)), Vf € IL f < F,. By Corollary 3(iv)
and the definition of a measure on P, we have Y5(f) = T y7(f) for any
decomposition f = X f. By Lemma 18, |Y7(e)| =< ¢ for some constant ¢. By
the Theorem,"" it follows from the additivity and the boundedness of y%
that there exists a Hermitian linear functional Y% € sf, such that y¥(f) =
Y4 f), Vf € I, f < F, and the support of Y% does not exceed F,. Thus

Yi(g)) = YHQ2a — DFy) = 20 — DYH(Fy)
= (20 = DYW(Fe) = p(2a — DFJ) = p(g), Vg€ P', g=<p

Let we = 2o — 1) (@ + (o0 — 1)"*v). It can be easily verified that
wEwe = e and wowd = Fpae,v), 1.€., Wq 1S a partial isometry with the initial
projection e and the final one Fpqe,v). Let ﬂ be a skew-adjoint and J-adjoint
linear functional such that u(p) = u(p), Vpa = p(ae, v) € s(v). Then

Ti(waewd) = Y5(Fy) = (200 — 1)~ 'u(po)
= (0 — D7 — )y — v¥)
= (0 — 7@ = a)(B* = B)u(pp)
= (o — 7@ = )P = B) 2B — DYEF,)
= (o — )7 — ) (B = B)72@B — DYP (wpew)
Thus
o — )0 — o) Y (wabwi)
=B — DB* — B) " Pwpbw), Vb € A)

Hence the linear functional (200 — 1)(a* — o) " "#y%(wq, wé) does not depend
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on . Let 7,(.) = 27'2a — 1)(@® — o)~ "*y¥(wa, wé). By the definition, the
support of y,, does not exceed Q.

Lemma 19. Let () = 7}9* — ). The function 1, is a linear skew-
Hermitian measure on P, and W,(q) = p(g) holds for all projections ¢ =
p(x, vFy) and g = p(x, —vFy) [= p*(x, vFy)].

Proof. By (2) and (3),
O'(v¥g — gn)*Q" = Q' (v*g — gv) 07
O'(v¥g* —g*v)Q" = —Q'(v*g — gn)*Q"
Vg € P. Thus p,(g) € Rand p,(g) = —p.(g*), Vg € P. Hence p,(.) is a

linear skew-Hermitian measure on P.
It is easy to see that

waF, = Qoo — ) Pa'?F,,  F,ywi = 2o — )71 — 0)'?F,
for every orthogonal projection Fy =< F.,v). Hence for ¢ < p(ale, v) we have
wavtgwd = wev*Fqwé = 2o — 1)_”2(OL — l)llequJw&"
=Qa — D) " - Do — DHFJwE = 20 — Do — D)2F,wi
= (a —I)I/ZOLUZF(]
and
—waqvwd = —waF,qJJvwE = (o — 1)""a'”F,
Thus
wl(g) = Qo — D27 e (o0 = 1)y Hwa(v¥g — grywd)
= Qo — )27 %o — 1) ""2y¥2(a — D"a'?F,)
= (2o — DYHF,) = p(q)
Vg € P', g < p(de, v). It follows that
W(p(Beg, ve)) = (B = P)'? Wi(ve, — e, v¥)
= (B> — P — o)™ W p(oiey, vey)

= (B> — B)"(@* — o)™ n(ploey, veg)) = u(p(Bey, vey))

Vp(Bey, vey) and Vg = p(Bey, ve,) =< p(ae, v). Finally, by Remark 4 and
Corollary 12, we have

u(p(x, vFy)) = E»’(p(xa vEy)) = _El'(p(-xa —vEFy) = —p(p(x, —vFy))
The proof is complete.



Gleason’s Theorem in W*J-Algebras 2083

It follows from Lemma 19 and Corollary 15 that M§ < +o, Vo > 1.
Note that (& — o) "?Mt = (B> — B)7"°Mf, Va, B.

Let v, = |y,{(e" — ) be the polar decomposition for ¥,. Here, e*, e~ €
[Tand e" + ¢~ = e < Q". We have Q"(v¥p — p»)Q" = (x* — 0)'"* + (x* —
", Vp = p(x, v) € P*. Hence

0=<Q'(v*p —pnQ =2+ — 0"

=20 —a)'? Q" if M =a
By the latter inequalities, we have
u(pe v| = [ 7,26 — 02" = Tu2e7 (2 — 0%

= 7207 —a)”e’) — 1207 —a)”en)
= u(p(ae, ve")) — p(p(ae, ve )
= u(p(ae”, ve")) + p(p(oe™, — ve"))
= u(p(ae, v(e" —e7))) < Mk

Let Jull(p) = sup{Z‘u(pi)‘:p = Ip). Put 7= wee" w and f~ =
wae w&. Then

7= RS
is the polar decomposition of y%. For every ¢ = p(Qe,, ve,), g = p(Qey,

veg), and ¢, g =< p(oe, v), we have qg = gq = 0 & ege, = 0 & FyF, = 0.
If follows that

S )l = e -3

Vs (Fp)

<a-1n3 [

(Fp) = (2o — Dyy

(3 Fp) = (200 — D[y

(Fp)

= Qo — DYVl = Qo = DO — V)

= u(p(oe, v(e" = eM)))
for any representation p(oe, v) = Zp;. Let s = e¢" — e”. Observe that the
functional M, is positive.

Corollary 20. (i) [[ull(p(ce, v)) = (200 — D[yl In particular, if ||| p(ote,
v)) = 0, then y$ = 0, and if M& = 0, then p = 0.

(i) M& = sup{p(p): p = p(aQ”, v)}.

Proof. Part (i) is obvious.

(i1) By Corollary 3 (i), |p(x, w)|I| = || p(Ixl|Fx, w)||. Obviously,
w)| < n(poe, wy|if B € [1, o). Hence by Corollary 15,

w(p(Be,
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lu(p(x, w))| =< supiu (p(IMIEs, u)}

the supremum being taken over all u € V, with u*u = F..

(a) Let o be a W* P-algebra. By the assumption, Q" < Q. Hence for
every w € V, w*w # Q, there exists u € V such that u*u = Q" — w*w
and F, L F,. The measure W is skew-Hermitian. Thus either

R(p(@Q™, w + u) = pu(paw w, w)) + L(p(a(Q" — w*w), u))
= p(paw*w, w))

or

n(p(@Q’, w — w) = u(pow*w, w)) + p(p*(UQ" — w*w), — u))
= p(pow*w, w))
It follows that

w(p(ae, w)) < sup{p(p): p = p(aQ’, v) € P} (< Mk)

for every projection p(cte, w) € P. Thus Part (i) is fulfilled.

(b) Let A be a W*K-algebra. The inequalities proved above are also
satisfied here. The following situation is also possible. For a given € > 0
there exists p(ote, v) such that v*v = e # Q, F, = 0, and M§ — pu(p(ce,
v)) < €. Let e, v 0 be a sequence of orthogonal projections such that e, <
e, e, ~ Q. By the assumption, we have Q° < Q. Consequently, there is
a sequence of partial isometries {v,} C V with the initial projections Q" —
(e — en) and the final ones ve,v* [= O — v(e — en)v*], Vn. Then p, =
p(aQ", v(e — e,) + v,(Q" — (e — e,)) € P". By Corollary 15 and Lemma 16,

L(p) — n(p(ae, v)
= [u(p@(Q" —(e = en), ¥a(Q" — (e — ew))) — W(p(Cten, ve,))
< 20 — 1)[—(0Y) — (e — en)™ V(ver*)"?

— V(en) P V(ve,y*)1 = 0

if n > + . Hence there exists n such that M4 — p(p,) < €. Thus part
(i1) follows.

Lemma 21. Let v € V be a partial isometry such that M§ — u(p(aQ”,
v)) <€, € € (0.1). Assume that 9~ — F, > 0. Then for any p(ae, w), where
F, = Q — F,, the following inequality holds: ‘u(p(oce,w)) <
max{€, 2€'?(ME)!"}.

Proof. Without loss of generality we may assume that
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0 =) [ul(p(ce, w) = p(p(ce, w)) and
IWl(P(@Q", 1) = u(p@Q, )
and that M§ > 0 [see Corollary 20(i)].

Consider the W*J-factor B = A(w, ve) of type Is. By the linearity of
the restriction of 1 to P N % and by Proposition 7, there exists a nonnegative
linear functional ¢ € B, with the support < e, f # 0, such that pu(p) =
O(u*p — pu), V. p € PN B. Here, u € B is a partial isometry with the
initial projection e and the final one F, < F,, + F,..

If F, L F,, then e(u*p(ae, w) — p(ae, w)u)e = 0. Hence u( p(ae, w))
=0.If F, = F,,, then u(p(ae, ve)) = 0. Hence 0 =< p (p(ae, w)) < €. Now,
let F, # F, and F, # F,.. By Lemma 2.3,

Foe = BF, + (B — BH'" (vo + v¥) + (1 — Bvovis

where 0 < B < I and vy is the partial isometry from the polar decomposition
(I — F)FyF, = vo‘(l — F.)F. F,,‘. It can be easily verified that B"*F, +
(1 — B)"v¢ € B is a partial isometry with the initial projection F,, and the
final one F,, and (1 — B)”zF,, - B”zva‘ € 9B is a partial isometry with the
initial projection F,, and the final one F,. Therefore,

u*ve = w*(F,Fy)ve = Bu*(BYF, + (1 — B)2vi)ve = Be%

and u*w = w*F,F,w = (1 — B)"e' for some complex number ¢ and
e'". Thus

H(p(ae, ve)) = d((@ — o) (u*ve + ev¥u))
— 2(a2 _ a)l/ZmeiGBI/Zd)(e)

and p(p(ae, w)) = 2(a? — a)"*Re’(1 — B)"?d(e). By the assumption of
Lemma 21, we have

2(a% — o)"*(1 = ROB)d(e) = n(p(ae, u) — u(p(ae, ve) < €
Hence
1 _ Bllz < 1 _ Buzmeie < 6(2(0(,2 _ Ot)md)(e))_l
Finally,
0 =) p(p(ae, w) =20 — ) (1 — B)"d(e)

— z(az _ O(,)”z(l + B1/2)1/2(1 _ B1/2)1/2¢(e)
< z(az _ OL)1/2(1 + Bllz)llz(e(z(az _a)1/2¢(e))—1)1/2¢(e)
< 261/2(2(0!,2 _ Ot)md)(e))m < 261/2(M&)1/2

It remains to make use of the arguments in Section 2.
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Lemma 22. 1f for every O > 0 there exists a partial isometry v € V such
that ‘u(p) - uv(p)‘ < J||p|l for every simple projection p € P, then the
measure U is linear.

Proof. Let, for a given & > 0, v € V be a partial isometry from the
assumption of Lemma 22. Let Y.(e) = y.(v*e + ev), Ve € IL Note that
Yoe) =0if e = e AQ" + e A Q. Also,

Yv(e)‘ = 2”7»” = (OL2 — a)—1/2(2a _ 1)”7(}1” < ((XZ _ a)_lle&l

Let M* = (a® — o) M. First we define a measure y on IL Let e €
IL Put y(e) = Yu(u*e + eu), where u is the partial isometry from the polar
decomposition Q" eQ" = u Q_eQJ" if 07eQ" # 0and y(e) = 0if e = e A
Q" + e A Q. Hence ‘y(e)‘ = M', Ve e Il

Now we will estimate |y(e) — Y.(e)|. One may suppose that e A Q© =
enQ =0.Let x = Q%Q" = [ Adey be the spectral resolution of Q"eQ".
By Lemma 2.3, ¢ = x + u(x* — x)'* + (> — x)""u* + u(I — x)u*. For
every number n denote by xy, the operator [(2k — 1)/(2n)](exn — ex—1/m)- Let

1n
u* + u(ewn — ex—1m — Xun)u™

ern = Xim + Ut — X))+ (Fn — Xin)
and e, = X1 ey,. By the construction, |le — e,|| < 12n~ 2. Hence
max{[y(e) — V(e yle = ilenly = M¥le — e = M¥1207'"

By the construction, 1/2 is a regular point for x, = X! xi,. Thus

>

—1
2k — 1
8kin = 2( - 1) ewndJ € P, Yk and gumgim = 0 (k # i)

2n
d—1 )
lgwll = ( -1 )
n

7,,(14*6,1 + equt)

It is clear that

By the linearity of 7,,,
Y(en)

= /Z ”g/dn”_IVM(u*g/dn J+ Ein Ju)
k=1

Zl lgrmll ™" Vulu* gum — gumte)

= /21 gl ™" (guin)

= 5||g/dn||. Hence

By the assumption of Lemma 21, |W(gw.) — Ev(g/dn)
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v(ew) — 1a(en)] = . llgil ™ pigon) = 3 gl ™ Wo(gun)| = 13

Finally,

V(o) = 7o) = |v(e) = v(ew)| + [v(en) — vi(en)
< M"12n "2 4+ nd + M*12n7 12

+ \v(en) - vv(e)\

From the latter we obtain that y(.) is continuous in 0 in the strong opera-
tor topology.
Now, let e = £+ r, where £, r € Il Then y.(e) = y.(f) + v.«(r) and

v(e) — v(f) — y()| = ey — vu@)| + [v() = vl + v = 1.0
< 2M*12n "2 + ud

It follows that y(e) = y(f) + y(r).

Thus y is bounded additive and continuous in 0 in the strong operator
topology function on the logic II Hence v is a measure on I Again, by the
Theorem,'! there exists a self-adjoint functional Y € s, such that y(e) =
Y(e), Ve e II.

Let now p € P. Then 1/2 is a regular point for F,Q"F,. By Section 2,
p = [ 2L — 1)V d(fiF,)J, where f; is the projection from the spectral
resolution F,Q" F, = [ Adfi. Let u be the partial isometry in the polar
decomposition Q" pQ" = u Q_pQJ". By Lemma 19,

w(p) = Yulu*p —pu) = Y (w*pJ + pJu)
1+

I+
Yulu* J QL — D) d(fFy) + J QL = 1) d(fiFp)u)

—© —o0

1+
J QA = D7 d(yuw* (fiFy) + (fiFp)u)

—

1+
J QL =D dy(fh)

—©

1+
= V(J er -1 d(fop)) =y(pJ)

6. THE PROOF OF THE THEOREM

By Corollary 20(ii), for every € > 0 there exists p(tQ", v) such that
ME — u(p(@Q’, v)) < €. Now, we will show that the assumption of Lemma
22 is satisfied.
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(i) Let {e;} be a finite orthogonal set of projections ¢; < Q. Let {f;}
and {oi}, where o; > 1 are sets of real numbers. Denote by p the projection
% p(ae;, ePive;) and by B the W*J-algebra #; si(e;, ve;). Obviously B is a
direct sum of W*J-factors of type L. Hence by Corollary 15, the restriction
of uto P N A extends to a linear functional on %B. Obviously p € B and

5(RB) — u(p(o T ej, v(Z ¢j))) < €. By Proposition 8, there exists a function
O(€) satisfying O(€)e—o — 0 such that

lu(p) — w(p)| = lplidce) )

(i) Let s € V be a partial isometry with the initial subspace eH and the
final one veH. The restriction of sv* to veH is a unitary operator. By making
use of the spectral resolution of sv* on veH, (i), and the norm continuity of
p and W,, we obtain (9) for ¢ = p(PBe, s).

(iii) Let s € V' be a partial isometry with the initial subspace e H. Assume
that sH C vH and (sH) L (veH). The algebra B = A(vf, ve, v¥s), where
f = v¥ss*y is a W*J-factor of type L4, and p(Be, s) € P N B. By Proposition
8 and the Theorem,"'? (9) is satisfied for p(Be, s).

(ivyLete,fe[Levf=<0Q,and0 =et Af=enf - =eAf By
Lemma 2.3,

e=x+wkx — D"+ @ — )" wr + w(l — x)w*

where x = fefand w is the partial isometry in the polar decomposition fref =
wlfref|. Let x = /47 AdfiL) be the spectral resolution for x and

n—1
Afi —f(k + 1) f(f), Xign = k +n1/2 Afr, Xy = ; Xkin

Also, let
ein = Xign + W — )" + Coun — i) wE + w(A i — xgn)w*

and e, = 347! ey,. Obviously, ey, e, € Il Denote by %B the W*J-algebra
E6 ' A (wAfi, vAfi, vwAf). Clearly B is a direct sum of W*J-factors of type
I4. Again, by Corollary 15, the restriction of L to P N % extends to a linear
functional on . In addition, we have ¢ = p(a(fv e), v(fve) € PN B
and ME(B) — u(g) < €. Letu, = =x’ + w(f — xo)?and u = X" + w(f —
x)"2. Note that u, (resp. u) is a partial isometry with the initial projection f
and the final projection e, (e, respectively), and p(Bf, vu,) € B. By the
Theorem"? and Proposition 8, (9) holds for p(Bf, vu,). Observe that

Ip(Bf. vu) — p(BS. vit)lln— = O
Hence by Corollary 15, the inequality (9) holds for p(Bf, vu).
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Lete Af# 0and 0 = et A f= e A fL Then B A(WASi, vAfi, vwAf)
B A(v(e Af)) is a sum of W*J-algebras of type Is and a W*J-factor of type
L. Hence (9) holds for p(Bf, v(u + e A f)).

Let et A f# 0 and e A f- # 0. Suppose that there exists a partial
isometry 1 with the initial and final projections e* A fand e A f*. Thus by
(iii), the inequality (9) holds for p(Bf, v(uo + u + e A f)).

(v) Let o be a W*K-algebra.

(a) Let first s € V be such that ss* = yv* and s*s = ¢ < Q. As in the
proof of Corollary 20, there exists a sequence e, i/ 0 of orthogonal projections
e, < e with Q" — e + e, ~ seus*. Let {s,} C V be a sequence with the
initial projections Q° — e + e, and the final ones se,s*, Vn. Denote p, =
p(BO", s¢e — ey) + s, (Q" — (e — ey)). By the complete additivity of the
measures W and W,, we have

H(p(Be, 5)) = lim p(p(Be(e = ), se = ew))
H(p(Be. 9)) = lim p(p(Be(e = en), s(e = en))

By Lemma 11 and Lemma 16,

I}L{lo[u(p(ﬁe(e —en), s(e — en)) — W(pn)] =0
Lim{p,(p(Be(e = en), ste = en))) = W pa)] = 0.

Hence by (ii).

lu(p(Be. ) — wp(Be. )| = lim |u(p) — w(pa)| =< Ip(Be, HII3(€)

(b) Let s € V be such that s*s = Q" and ss* < yv*. Similarly, (9) holds
true for p(BQ", s).

Lemma 23. For every w € V the restriction of u to P N EN E, where
E = w*w + ww*, is a linear measure.

Proof. Without loss of generality we may assume that w*w = Q. Let,

for a given € > 0, a projection p(aQ”, y), yy = ww*, be such that
L(EAE) — p(paQ', y) <€

Consider a projection p(Be, s) € P, seH C yQ"H. Assume that seH =
yeH (or seH L yeH). By analogy with (ii) and (iii), we obtain ‘u(p) -
we(p)| < IplIS(E) for p = p(Be, s).

Now, consider the general case of p(Be, s). Denote by f the projection
V¥(Fye v Fye — F)o)y and by r the projection y*(F. v Fy)y. Note that F,, ~ Fi.

(a) Let o first be a W* P-algebra. Then there exists a partial isometry
up with the initial projection f A r+ and the final one fi A r. Let u be the
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partial isometry from (iv). Note that u has the initial projection f — f A r*
and the final one r — r /\fi. By the definition, y(e + f)H = yeH v seH =
seH B y(u + uo)fH. The operator (s + y(u + uo)) is a partial isometry with
the initial and the final projections e + fand F). v Fy., respectively. Define
q = p(Be, s) + p(Bf; y(u + uo)). By analogy with (ii). \u(q) - Hy(CI)‘ =
llglld(€) = (2P — 1)d(€). By analogy with (iii) and (iv), we have

‘H(p(Bf; y(u + uo)) — wy(p(Bf y(u + Mo)))‘ =2(2B — 1)d(e) = 2qlld(€)
Thus

(p(Be, ) — w(p(Be, 9)|
= u(@) — p(p(BS; v + o))
+ w(p(BL v + 1)) — ()|
< [1(@) = @] + [(pBS v + u0)) — w(p(BS; y(u + uo))|
= 302B — 13(©) = 3llp(Be, d(€)

(b) Let o{ be a W*K-algebra. The cases Fy, =< F,, and F,, =< F), (i.e.,
r = 0 and f = 0) were examined in (ii) and (v). Now, let » # 0, f # 0, and
u be the partial isometry in (a). We again examine two cases.

(1) Suppose that there is a partial isometry d with the initial and final
projections f A rtand ¥ < /\fi (e, fA < /\fi). Hence the partial
isometry y(d + u) has the initial projection f'and the final one < F, v Fy, —
F,.. By analogy with (iii) and (iv), the inequality (10) holds for p(Bf, y(d +
u)). The operator y(d + u) + s belongs to V' and has the initial projection f
+ e and the final one = f,. v F,. By analogy with (v), step (a), (10) holds
for p(B(f + e), y(d + u) + s). By analogy with (a), (10) holds for p(Be, s).

(2) Suppose that there is a partial isometry dy with the initial, and final
projection, r /\fi and /' = f A (e, r /\fi <fA . By analogy with
(v), step (b), (9) holds for p(B(dodS +f—fv rJ‘), y(dy + u) + s). Hence
for p(Be, s), (10) holds.

Now, consider the general case of f A rHand r A fi. By ref. 5, Theorem
1, p. 218, there exists a central projection G € 4 such that G(f A ) <
G(r AfHand (I — G) (r A f5 < (I — G)(f A rY). Hence by (bl) and (b2),
we have

l1(p(Be, ) — w(p(Be, 9)|
< [u(p(BeG, sG)) — w(p(BeG, s))|
+ [n(p(BeG, sGY) — w(p(BeGr, sG] < 6l p(Be. IS(©)
Thus for a given & > 0 there exists € > 0 such that
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BEAE) — p(p(aQ',y) <€  implies Ju(p) — mi(p)| < 19115

for every simple projection p(PBe, s). In view of Lemma 22, the proof of
Lemma 23 is complete.

(vi) Now we finish the proof of the Theorem.

Let first seH C vQ"H. By Lemma 23 and Propositions 8 and 7, for a

iven & > 0 there exists € >  such that 0 < M4 — p(p(aQ”, v)) < € implies

ﬁl(p(Be, $) — w(pBe, s)| =< Ip(Be. 9IS(©).

Now, suppose that seH is not a subset of vQ"H. Every g = p(Be, s) is
representable as a sum p(Be, s) = p(Bey, se1) + p(Bea, sez), where ey = v¥(f, A
Fy)vand e; = ¢ — e;. By Lemma 23 and Corollary 15, the following holds:

In(p(Ber. sen) — pp(Ber, se)| < 32B — 1)3(E€) = 3p(Be. 5)I3(E)

There is a decomposition e; = e+ 3 + e3, where eb,i=1,2,3, are
orthogonal projections, e3 ~ e3, and €3 is Abelian. By the construction, there
exist an orthogonal projection p; with b < p; < Q" and w; € V with the
initial projection p; and the final one wiw; = (seh s*) v (vehv*) (i = 1, 2).
By Lemma 23, the restriction of u to P N FAF, where F = p; + w;p;w§
and hence to P N GG, where G = ¢b + (vehv*) v (sehs*), is a linear
measure. By Proposition 8, we have

lu(g) — mi(g] < IpBe. 9)I5E). g = p(Beb, seb) (i =1, 2)

Let g3 = p(Be%, se3). Now we will show that the inequality (10) is true for
g3. The W*J-algebra &d(se%, ve%) is of type L (if o+ 0). Put f= vesv*
and r = se3s*. Obviously, f and r are abelian projections. Let Af; (k =
0,n — 1, u, and u, be as in step (iv). By (ii), we may assume that f and r
are the initial and the final projections for u. The operator w = wu*sv* is a
unitary one in the Abelian algebra f{f. Hence for a given n € N there exists
a finite set of mutually orthogonal projections f; < f(j = 1, ..., m) and
real numbers 3; such that for w, = =V’ e J; the inequality |l[w — w,|| =< 1/n
holds. Put fi; = fx Af; and s, = u,w,v. By the construction, the W*J-algebra
B = By AV iy, unfiy) is a direct sum of W*J-factors of type I3, and
p(aes, ved) € B. We have ||s — s,/| < 3/n. By the Theorem,!"*! the restriction
of pto P N W is a linear measure. Hence by the norm continuity of p and
W, (see Corollary 12), we have

lu(p(Bed, sed)) — w(p(Bed, sed))
= lim |u(p(Bed. sied) — m(p(Be, s,ed)]

= (2B — 1)d(€) = llp(Be, s)Il 5(€)
Thus
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lu(2) — @) = |u(pBer, se)— wlp(Ber, sen)|
3
+ 3 e el = 7l &)

Now, let
g = q((B — Dww*, w*) = Bw*w + (B> — B)'* (w — w*) — (B — Dyww*

be a simple negative projection [see (3)]. Then p = p(Bww*, w*) is a simple
positive projection. Also, p L g and p + ¢ = ww* + w*w € [ We have
W(p) + 1(g) = HOvw* + w¥w) = 0 = w(p) + p.(q). Hence

(@) — @] = ) — wp)| = 7l 8 = T4l 8e)

Thus the assumption of Lemma 22 is satisfied. By Lemma 22, pn is a
linear measure. This concludes the proof of the Theorem.

Remark 24. Similar to [T and L, for an arbitrary W*J-algebra of type I,
there exists an indefinite measure on P such that the Theorem fails to be
true. We believe that the theorem is valid for the W*J-algebras of types Ii,
and I, (for the W*J-factors of these types the Theorem is known to be true'').
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